ABSTRACT. We will show that the bricks (of Bosbach) and the pseudo MV-algebras are each term equivalent to the class of semigroups with a pair of unary operationsˆandˇsatisfying the equations: (âa)ˆb = b = b (aǎ)ˇand a(ba)ˇ= (bǎ)ˆb and also show that a brick is an interval [0, u] of the positive cone of a unital lattice ordered group. We further extend the notion of implications to a pseudo MV-algebra and study the algebra of such implications.
Introduction
The concept of a brick is due to B r u n o B o s b a c h [3] and the definition of a pseudo MV-algebra, which is a generalization of C h a n g 's MV-algebra ( [6] ) is due to G . G e o r g e s c u and A . I o r g u l e s c u [8] . J . R a c hů n e k also has introduced a noncommutative generalization of Chang's MV-algebra, which is equivalent to a pseudo MV-algebra and called by him ( [9] ) a generalized MV-algebra (or simply, a GMV-algebra). The main object of this paper is to show that bricks and pseudo MV-algebras are term equivalent.
As is well known, a Chang's MV-algebra has several equivalent definitions (for example, see [2] and [5] ) which are much more compact than the original definition due to C h a n g [6] . We present below the notion of a U-algebra, which can be used to define a pseudo MV-algebra in terms of fewer axioms (see Theorem 3.3 below).
We also extend to pseudo MV-algebras the notion of implication in MV-algebras due to C h a j d a , H a l aš and Kü h r [5] by defining the term functions to be the pseudo MV implications in a pseudo MV-algebra (A; ⊕,¯,˜, 0, 1) and show that (A; •, ) is a cone algebra and conversely every cone algebra is a subalgebra of (A; •, ) for some pseudo MV-algebra (A; ⊕,¯,˜, 0, 1).
2
We recall the definition of a pseudo MV-algebra due to G e o r g e s c u and I o r g u l e s c u as quoted in [7] : Ò Ø ÓÒ 2.1º By a pseudo MV-algebra is meant an algebra (A; ⊕,¯, , 0, 1) of type (2, 1, 1, 0, 0) which, together with an additional binary operation defined by (A0) b a = ā ⊕b , satisfies the following axioms:
The axiom (A6) above is superfluous and so we include also a proof of the following simple lemma.
Ä ÑÑ 2.2º
(i) By (A5), (A4), (A2) and (A8) with y = 1.
(ii) By (A4) and (i) above.
(iii) (A0), (ii), (A3) and (A4) =⇒ x 0 = 0 x = 0 and (A0), (A4), (A2) and (i) =⇒ x 1 = 1 x = x.
(iv) By (A7) and (iii) with x = 0, y = 0 respectively.
(v) By (A5) and (i).
(vi) By (A1), (i) and (v).
(vii) By (i) and (iii).
(viii) By (A7), (v) and (i).
ÓÖÓÐÐ ÖÝ 2.3º If
We will show that the last three equations of the above Lemma 2.2, are sufficient to define a pseudo MV-algebra. To identify such semigroups, we introduce the following definition: Ò Ø ÓÒ 2.4º A semigroup (A; ·) together with unary operationsˆandš atisfying the equations:
Hence we at once have the following from (vi), (vii) and (viii) of Lemma 2.2.
is a U-algebra.
We now assume that (A; · ,ˆ,ˇ) is a U-algebra; and observe that any equation which is valid in this algebra remains valid if written in the reverse order with the symbolsˆandˇinterchanged. This is the principle of duality which we use frequently.
Ä ÑÑ 2.6º
(i)âa = bb and we denote this common value by 0.
(ii)0 =0 and we write this as 1.
(iii) a1 = 1a = a.
(iv) a0 = 0a = 0. (vii) Since0(0)ˇ= 0, we have1 = (0)ˇ≤ 0 and hence by (vi) above,1 = 0; and by duality,1 = 0.
(viii) (â)ˇ= 1(â1)ˇ= (a1)ˆa =0a = a and dually (ǎ)ˆ= a.
We now recall the definition of a brick due to B o s b a c h [3] :
Ò Ø ÓÒ 2.7º An algebra (B; * , : , 1) of type (2, 2, 0) is called a brick if it satisfies the following equations: We now prove: 
by Definition 2. Hence we have the following corollary:
ÓÖÓÐÐ ÖÝ 2.9º Bricks and U-algebras are term equivalent.
3
We again assume that (A; ·,ˆ,ˇ) is a U-algebra. Then by the above Theorem 2.8 and Lemma 2.6(v), A is a meet semilattice with inf {a, b} = a : (b * a) = a(ba)ˇ. We now prove a crucial lemma:
(ii) Since (ǎb)ˆǎb = 0, we haveâb (ǎb)ˆ= 0 by repeated use of Lemma 2.6(v) and hence (ǎb)ˆ≤ (âb)ˇ. The reverse inequality is obtained by duality. Hence by Theorem 3.2 it follows that bricks and pseudo MV-algebras are term equivalent and a U-algebra defines a pseudo MV-algebra. (γ) First Embedding Theorem: Necessary and sufficient condition for an algebra (R; * , : ) of type (2, 2) to admit an extension (S; * , : ) which is the residuation groupoid of some -group cone is that (R; * , : ) is a cone algebra [3, p. 64] . Now let C be a cone algebra; then by the first embedding theorem of B o s b a c h [3] , C is a subalgebra of the cone algebra of G + of some lattice ordered group G. Now let C be the subsemigroup of (G + , +) generated by C.
Ä ÑÑ 4.2º ( C; * , : ) is the cone algebra of an -group cone contained in G + .
C k . Now by using the identity
which is valid in every -group cone, it is clear that
and C * C ⊆ C and hence by induction we get 
ÓÖÓÐÐ ÖÝ 4.7º Every brick is an interval of an -group cone.
Hence, we have another proof of D v u r eč e n s k i j 's theorem [7, Theorem 3.9] .
5
If (M ; ⊕,¯, •) is an MV-algebra of C h a n g [6] , then C h a j d a , H a l aš and Kü h r have defined ( [5] ) the implication in the MV-algebra M as the term function x • y :=x ⊕ y, which itself extends the concept of implication in a Boolean algebra, defined and intensively studied by A b b o t t [1] . We now extend this concept to pseudo MV-algebras in the following. By a pMV-implication algebra is meant the algebra derived from some pseudo MV-algebra and by an algebra of pMV implications is meant a subalgebra of a pMV-implication algebra.
Ä ÑÑ 5.2º Every pMV-implication algebra is a brick and hence a cone algebra.
P r o o f. Let (A; ⊕,¯,˜, 0, 1) be a pseudo MV-algebra; then by (A0) of the Definition 2.1 and the Lemma 2.2, we havē Since by Bosbach's first embedding theorem, every cone algebra is a subalgebra of the cone algebra of some -group cone, we get: ÓÖÓÐÐ ÖÝ 5.10 (Bosbach's Second Embedding Theorem)º Every cone algebra can be embedded into some brick.
By Lemma 5.8 we now obtain: Ì ÓÖ Ñ 5.11º Every cone algebra is an algebra of pMV implications.
ÓÖÓÐÐ ÖÝ 5.12º Every symmetric cone algebra is an algebra of MV implications.
Remark 5.13º
Since every subalgebra of a cone algebra is again a cone algebra and a weak implication algebra is not necessarily a cone algebra, given a weak implication algebra A, there may not exist an MV-algebra M such that A is contained in the algebra of MV implications. 
